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Motivation for this Tutorial

— We want to understand the emergent behavior in large populations of interacting
agents (individuals, banks, traders, employees, electricity producers, etc.).
— Some examples:

e Modeling and understanding the borrowing and lending behavior of interacting
banks.

e Modeling and understanding the trading behavior of traders who want to maximize
their expected return.

e Modeling and understanding of renewable energy investment decisions of the large
number of electricity producers that are interacting through the price of the
electricity.

e Modeling the response of individuals to social-distancing or vaccination policies in
the epidemics.



Motivation for this Tutorial

— We want to understand the emergent behavior in large populations of interacting
agents (individuals, banks, traders, employees, electricity producers, etc.).
— Some examples:
e Modeling and understanding the borrowing and lending behavior of interacting
banks.

e Modeling and understanding the trading behavior of traders who want to maximize
their expected return.

e Modeling and understanding of renewable energy investment decisions of the large
number of electricity producers that are interacting through the price of the
electricity.

e Modeling the response of individuals to social-distancing or vaccination policies in
the epidemics.

— ldea: These problems are highly complex (dynamic, stochastic, and with many
decision makers).
For models with realistic features, machine learning can greatly help.

— We will focus on continuous time setting for this tutorial.



In This Tutorial

How to use deep learning for mean field games and related problems?

— Problems with one agent: Stochastic Optimal Control
— Problems with large number of agents

— Mean Field Approximations

— Cooperative agents: Deep learning for Mean Field Control

— Crash course on Nash equilibrium

— Non-cooperative agents: Deep learning for Mean Field Games
— Extensions

— Multi-populations

— Complex network interactions: Graphon games

— Addition of significant players: Stackelberg Mean Field Games



Starting with one agent:

Stochastic Optimal Control Problems



Stochastic Optimal Control Problems

We have 1 agent. She tries to minimize her costs/ maximize her rewards while
choosing her controls between time t =0 to t = T. She has

— State: (Xt)te[O,T]

— Control: (at)eeo, 7]

— Objectives
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Let's assume that Sibel works in a company and she chooses her effort level that
affects the value of the project she is working on.

Then Sibel’s:

— X¢: Value of the project at time t
— «y: Effort level at time t

— Objectives: utility from the value of the project, cost of putting too much effort.



Stochastic Optimal Control Problems: Mathematical Formulation (1)

Let's assume that Sibel works in a company and she chooses her effort level that

affects the value of the project she is working on.

Then Sibel’s:

— X:: Value of the project at time t
— «y: Effort level at time t

— Objectives: utility from the value of the project, cost of putting too much effort.

How can we write this model mathematically?



Stochastic Optimal Control Problems: Mathematical Formulation (1)

Let's assume that Sibel works in a company and she chooses her effort level that
affects the value of the project she is working on.

Then Sibel’s:

— X¢: Value of the project at time t
— «y: Effort level at time t

— Objectives: utility from the value of the project, cost of putting too much effort.

Mathematical Formulation:

min E[/OT (claf - cQU(xt)) dt—C3U(XT)]

- Terminal Cost
Running Cost

dXt: Q¢ dt+Uth, X():C
L

Drift

where U(-) is a utility function, c1, ¢, c3,0 are positive constants and W is the
Brownian Motion.



Stochastic Optimal Control Problems: Mathematical Formulation (I1)

Sibel’s problem:

T
min E[/ (claf - cQU(xt)) dt —csU(Xr)
(o) 0, , —
- Terminal Cost

Running Cost

dXt: (0773 dt+Jth, XOIC
L

Drift

Writing it as a general stochastic optimal control problem:

.
min E[/ f(t, Xe, o) dt + g(X7) }
) o L 1 L 1

Running Cost Terminal Cost

dXt = b(t, Xt7Ott) dt + O'de Xo = C
| A

Drift



Another example: Merton’s problem

An individual wants to maximize

— their utility from consumption over the time interval t € [0, T] and

— their utility from the terminal wealth.
She controls at time t

— fraction of wealth to be invested in stocks: m;

— consumption level: ¢;

Her state is ?
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Another example: Merton’s problem

An individual wants to maximize

— their utility from consumption over the time interval t € [0, T] and

— their utility from the terminal wealth.
She controls at time t

— fraction of wealth to be invested in stocks: m;

— consumption level: ¢;
Her state is wealth: X;

How can we write this problem mathematically?

;
max E {/ e "U(cs)ds + e T U(X7)
0

(ﬂ'tvct)t

d)(tL = [(r + 7Tt(/,l/ — r))Xt — Ct} dt+ Xtﬂ'tO'th

Before going to large populations: let's discuss how we can utilize deep learning to
solve the stochastic optimal control problem.



Using Deep Learning to Solve

Stochastic Optimal Control Problems



Side Note: Neural Networks as Function Approximators
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— Neural networks (NNs) can be used to approximate functions.

— Assume you want to approximate a function f(x). You can build a neural network
that outputs fp(x) and train it over the parameters 6 by using objective:

mein E|f(x) — f@(x)\2

10



Deep Learning for the Stochastic Optimal Control

Remember stochastic optimal control problems:

.
min E[/ f(t,Xt,at)dtJrg(XT)]
at)t 0

dXt = b(t7 Xt,Oét)dt+Uth, Xo ~ [0
Numerical solution approach with deep learning:

— Time discretization: Assume the control is a function of time and the current
state: ar = p(t, X;) and discretize the time: t = {0, At,2A¢t, ..., nAt}, where
T = nAt:

min E[Z F(t, Xe, p(, X)) % At + g(XT)]

Xt+At = Xt + b(t7 Xt7 (p(t,Xt)) x At + O'WA[‘7 X() ~ Lo

11



Deep Learning for the Stochastic Optimal Control

Remember stochastic optimal control problems:

.
min E[/ f(t,Xt,at)dtJrg(XT)]
at)t 0

dXt = b(t7 Xt,Oét)dt+Uth, Xo ~ [0
Numerical solution approach with deep learning:

— Time discretization: Assume the control is a function of time and the current
state: ar = p(t, X;) and discretize the time: t = {0, At,2A¢t, ..., nAt}, where
T = nAt:

min E[Zt: F(t, Xe, p(, X)) % At + g(XT)]
Xt+At = Xt + b(t7 Xt7 (p(t,Xt)) x At + O'WA[‘7 X() ~ Lo

— Control parameterization & Simulation: Initialize the state X, and simulate the
trajectory of X:. Use NN approximation g (t, X;) for the control function and
aim to minimize the cost over the parameters 6 in the training.

11



Deep Learning for the Stochastic Optimal Control

Remember stochastic optimal control problems:
T
min E[/ f(t,Xt,at)dtJrg(XT)]
at)t 0
dXt = b(t7 Xt,Oét)dt+Uth, Xo ~ [0

Numerical solution approach with deep learning:

— Time discretization: Assume the control is a function of time and the current
state: ar = p(t, X;) and discretize the time: t = {0, At,2A¢t, ..., nAt}, where
T = nAt:

min E[Zt: F(t, Xe, p(, X)) % At + g(XT)]
Xesnr = Xe + b(t, Xe, p(t, X)) X At +cWae, Xo ~ po

— Control parameterization & Simulation: Initialize the state X, and simulate the
trajectory of X:. Use NN approximation g (t, X;) for the control function and
aim to minimize the cost over the parameters 6 in the training.
— Similar to Han & E (2016).
We want to use the deep learning to solve more complex problems. But first let’'s
check the pseudo-code. 11



Pseudo-Code for Stochastic Optimal Control

Algorithm 1 Simulation of state trajectories

Input: Time horizon T; time increment At; initial distribution g
Output: Trajectories of state and control.

: Let n=0,tp = 0, sample Xo ~ o

: whilen x At=1t, < T do
Set ar, = @o(tn, Xe,)

1
2
3
4 Sample AW,, ~ N (0, At)

5: Let X‘n+1 = X, + b(tn, Xt,, ot ) At + o AW,
6 Sett,=t,+Atand n=n+1

7: end while

8: Set Ny = n, tNT =T

9

: return (Xy,, e, )n—o, ... Ny

Algorithm 2 Stochastic Gradient Descent for solving Stochastic Optimal Control

Input: Initial parameter 0p; number of iterations K; sequence (Bx)k—o,...,k—1 of learning rates; time horizon
T; time increment At; initial distribution pg
Output: Approximation of 8™ minimizing J(0) = E[Zt f(t, Xe, po(t, Xe)) X At + g(X-r)]
: for k=0,1,2,...,K —1do
Simulate state trajectory with control functions cc = g, and parameters: T, At, 10
Compute the gradient of the expected cost: VJ(0x) of J(0x)
Set Oky1 = Ok — Bk VI(0k)
end for
return Ok and corresponding trajectories (X, , arn)nzo,,,,,NT

SURANF-IEC N




Large Populations:

Mean Field Approximations



Overview of the Approach

— Solution notions:
e Global optimization for finding the social optimum (Cooperative agents) or

e Game theory tools for finding the Nash equilibrium (Non-cooperative agents).

— Difficulty: Curse of dimensionality when there is a large number of agents.
— Approach: Mean field approximations:

e Cooperative agents: Mean field control

e Non-cooperative agents: Mean field game

!Huang-Malhamé-Caines (2006), Lasry-Lions (2006).
2Picture Credit: https://gbxglobal.org/the-importance-of-the-network /
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Overview of the Approach

— Solution notions:
e Global optimization for finding the social optimum (Cooperative agents) or
e Game theory tools for finding the Nash equilibrium (Non-cooperative agents).

— Difficulty: Curse of dimensionality when there is a large number of agents.
— Approach: Mean field approximations:

e Cooperative agents: Mean field control

e Non-cooperative agents: Mean field game

In Mean Field Control & Games!:

Assume N — co.

Agents are identical and infinitesimal.
Agents interact symmetrically.
Agents interact through mean field.

L Ll

Idea: Focus on representative agent
and her interactions with
the distribution.

!Huang-Malhamé-Caines (2006), Lasry-Lions (2006).
2Picture Credit: https://gbxglobal.org/the-importance-of-the-network /
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Cooperative Agents:

Deep learning for Mean Field Control



Mathematical Formulation of Mean Field Control

For very large N, we approximate the finite player stochastic optimal control with
Mean Field Control.

The average cost of the agents using control o € A is

L ] I}
Running Cost Terminal Cost

T
J(o) :=E [/ f(t, Xe, ar, L(Xe)) dt + g(X7, L(X7))
0 L
The agent’s state X; has the following dynamics:

dXt = b(t, Xt,at,L(Xt)) dt + O'th, XO ~ HOo-
_—
Drift
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Mathematical Formulation of Mean Field Control

For very large N, we approximate the finite player stochastic optimal control with
Mean Field Control.

The average cost of the agents using control o € A is

L ] I}
Running Cost Terminal Cost

T
J(o) :=E [/ f(t, Xe, ar, L(Xe)) dt + g(X7, L(X7))
0 L
The agent’s state X; has the following dynamics:
dXt = b(t,Xt,at,ﬁ(Xt)) dt-‘rO’th, XO ~ HOo-
]

Drift

Definition: Control & is called a social optimum if it minimizes the cost J(c).

16



Using Deep Learning to Solve Mean Field Control

Some remarks:

— The ideas from solving the stochastic optimal control with deep learning can be
extended.

— However, now we have large number of interacting agents. = we will implement
Monte-Carlo Simulation.

— Q: How about the population distribution?

17



Using Deep Learning to Solve Mean Field Control

Some remarks:

— The ideas from solving the stochastic optimal control with deep learning can be
extended.

— However, now we have large number of interacting agents. = we will implement
Monte-Carlo Simulation.
— Q: How about the population distribution?

e A: A population of size N will be simulated and the empirical distribution will be
used.

17



Pseudo-Code for Mean Field Control

Algorithm 3 Simulation of state trajectories of interacting agents

Input: Time horizon T; time increment At; initial distribution po; population size N
Output: Trajectories of state and control.

1: Let n = 0,ty = 0, sample X(; ~ po forallie {1,2,...,N}

2: while n x At =1t, < T do

3: Set o, = @o(tn, X ) foralli € {1,2,..., N}

4 Sample AW, ~ N(0, At) forall i € {1,2,..., N}

5 Approximate L£(X¢,) using the empirical distribution of Xti,, and call it fu,

6: Let X;'n+1 = X[+ b(tn, X[, o, e, ) At + AW, foralli€ {1,2,...,N}
7 Sett,=t,+Atandn=n+1

8: end while
9: Set Nt = n, tny =T

10: return (X, , ¢ Yn=o,....Npii=1,...,N

Remark: Parameter updates are done similar to stochastic optimal control.

18



An example: Systemic Risk3

The agents are the banks. They decide how much to borrow or lend from the central
bank.

The objective of the representative bank is given as
igf/OT [%% — qar(Xe — Xe) + %()‘Q ~ X)2dt + %()‘(T - xT)Q]
where €, ¢, A > 0 are exogenous constants, X, = E[X:] and
dX; = [a(Xe — X¢) + o] dt + odW,
where W, is the idiosyncratic noise and a,o > 0 are exogenous constants.

Remark: This problem has an explicit solution where:

ap = (q+ne)(Xe — X/).

3Carmona, Fouque, and Sun (2013)

19



Solutions with Deep Learning

time (1)=0.0, iteration=10000

time (1)=0.4, iteration=10000
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Figure 1: Systemic Risk Results with the Deep Learning Approach from GD.-Lauriere-Zhang (2023)
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state (X,)
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Non-cooperative Agents:

Deep Learning for Mean Field Game



Non-cooperative Agents:

Deep Learning for Mean Field Game

But first: A Crash Course on Nash Equilibrium



Crash Course on Game Theory & Nash Equilibrium

— We aim to find an equilibrium such as Nash equilibrium.

e Agents can't benefit from deviating from their equilibrium action.
e At equilibrium each agent's action is the best response to others.
e Mathematically: Assume there are N agents, then an action profile
a* = (aj,...,ay) is a Nash equilibrium if for any other action of agent i, «;:

s@®) < J(anaty)  Vi=1...,N

where (a;,a* ;) = (af,...,;,...,ay) and J; is the cost function of agent i.

22



Crash Course on Non-cooperative Game Theory & Nash Equilibrium

— We aim to find the Nash equilibrium.
e Agents can't benefit from deviating from their equilibrium action
e At equilibrium each agent’s action is the best response to others.

Prisoners'
dilemma B
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7,

5years 5years (t

remain
silent \é'

20 years 0year b year 1 year

=5 =B

: 3o [=De

Sy
=
<
5
@
=
Q

30—




Crash Course on Non-cooperative Game Theory & Nash Equilibrium

— We aim to find the Nash equilibrium.
e Agents can't benefit from deviating from their equilibrium action
e At equilibrium each agent’s action is the best response to others.

Prisoners'
dilemma B

remain
silent

confess

confess

a7,

p->
=5 =B

: 3o [=De

Syears 5years (t

Sy
=
<
5
@
=
Q

remain
silent AL

S )

2]

30—

20 years 0year b year 1 year




Crash Course on Non-cooperative Game Theory & Nash Equilibrium

— We aim to find the Nash equilibrium.
e Agents can't benefit from deviating from their equilibrium action
e At equilibrium each agent’s action is the best response to others.

Prisoners'
dilemma B

remain
silent

confess

confess

a7,

p->
=5 =B

: 3o [=De

Syears 5years (t

Sy
=
<
5
@
=
Q

remain
silent AL

S )

2]

30—

20 years 0year b year 1 year




Crash Course on Non-cooperative Game Theory & Nash Equilibrium

— We aim to find the Nash equilibrium.
e Agents can't benefit from deviating from their equilibrium action
e At equilibrium each agent’s action is the best response to others.

Prisoners'
dilemma B

remain
silent

confess

confess

a7,

p->
=5 =B

: 3o [=De

Syears 5years (t

Sy
=
<
5
@
=
Q

remain
silent AL

S )

2]

30—

20 years 0year b year 1 year




Crash Course on Non-cooperative Game Theory & Nash Equilibrium

— We aim to find the Nash equilibrium.
e Agents can't benefit from deviating from their equilibrium action
e At equilibrium each agent’s action is the best response to others.

Prisoners'
dilemma B

remain
silent

confess

confess

a7,

p->
=5 =B

: 3o [=De

Syears 5years (t

Sy
=
<
5
@
=
Q

remain
silent AL

S )

2]

30—

20 years 0 year b year 1 year




Crash Course on Non-cooperative Game Theory & Nash Equilibrium

— We aim to find the Nash equilibrium.
e Agents can't benefit from deviating from their equilibrium action
e At equilibrium each agent’s action is the best response to others.

Prisoners'
dilemma B

remain
silent

confess

=5 =B

: 3o [=De

confess
L

Sy
§ Syears 5years (t 2 rs
8
=
= remain

silent \é'

20 years 0 year b year 1 year

— This is a static, 2-player, finite action game: Life gets harder in higher dimensions!

Picture Credit: https://cdn.britannica.com/55/91955-050-F444D10D /dil prisoners-participant:

g theory- ication-strategy.jpg

23



Going Back to the Mean Field Games

Our problems of interest: Dynamic, Stochastic, Large number of agents, Continuous
action space.

Remember in Mean Field Games:

— Assume N — co.

Agents are identical and infinitesimal.

_>

— Agents interact symmetrically.

— There are mean field interactions.
4>

Idea: Focus on representative agent and her interactions with the distribution.

24



Going Back to the Mean Field Games

Our problems of interest: Dynamic, Stochastic, Large number of agents, Continuous
action space.

Remember in Mean Field Games:

— Assume N — co.

Agents are identical and infinitesimal.

_>

— Agents interact symmetrically.

— There are mean field interactions.
4>

Idea: Focus on representative agent and her interactions with the distribution.

e Since the representative agent is infinitesimal, the mean field can be taken as fixed
when finding the best response for the representative agent. (Optimality)

e Since all the agents are identical, we can assume everyone will behave similarly at
the equilibrium. (Fixed Point)

24



Mathematical Formulation of Mean Field Game

For very large N, approximate the game between agents with Mean Field Game.

The cost for the representative agent using control o € A when facing a population
with state distribution p is

,
J(a;p) =E [/ f(t, Xe, ae, pe) dt + (X7, 1)
O L ] L ]

Running Cost Terminal Cost.
The agent’s state X; has the following dynamics:
dX: = b(t, Xt, g, put) dt + odWs, Xo = ¢ ~ po.
—
Drift
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Mathematical Formulation of Mean Field Game

For very large N, approximate the game between agents with Mean Field Game.

The cost for the representative agent using control o € A when facing a population
with state distribution p is

,
J(a;p) =E [/ f(t, Xe, ae, pe) dt + (X7, 1)
O L ] L ]

Running Cost Terminal Cost.

The agent’s state X; has the following dynamics:
dX: = b(t, Xt, g, put) dt + odWs, Xo = ¢ ~ po-
]
Drift
Definition: If the pair (&, 1) satisfies:

(i) & minimizes the cost of representative agent given population distribution fi;
(i) Vt € [0, T], fi¢ is the distribution of the representative agent’s state X,

then (&, 1) is a Mean Field Nash equilibrium.
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Mathematical Formulation of Mean Field Game

For very large N, approximate the game between agents with Mean Field Game.

The cost for the representative agent using control o € A when facing a population
with state distribution p is

,
J(a;p) =E [/ f(t, Xe, ae, pe) dt + (X7, 1)
O L ] L ]

Running Cost Terminal Cost.

The agent’s state X; has the following dynamics:
dX: = b(t, Xt, g, put) dt + odWs, Xo = ¢ ~ po-
]
Drift
Definition: If the pair (&, 1) satisfies:

(i) & minimizes the cost of representative agent given population distribution fi;
(i) Vt € [0, T], fi¢ is the distribution of the representative agent’s state X,

then (&, 1) is a Mean Field Nash equilibrium.

A forward-backward stochastic differential equation system (FBSDE) characterizes
the Mean Field Nash equilibrium.

25



Mean Field Game Example

Let’s extend Sibel’s problem to the large population setup.

— Instead of 1 agent: there is a large population of non-cooperative agents.
— Everyone minimizes their costs and chooses their own effort levels.

— Their project value dynamics depend on the average project value.

(ae)e

T
min E[/ (%af - U(Xt)) dt + G(XT)]
0
|
Running Cost

dXe = (ar + Xo) dt + odWe, Xo =
| I |

Drift

26



Mean Field Example: Nash Equilibrium Characterization

(cve)e

T
min E[/ (%af - U(Xt)> dt + G(XT)]
0
|
Running Cost

dX: = (o + Xo) dt + odWs, Xo =
| |

Drift

The Nash equilibrium control can be written as the minimizer of the Hamiltonian:

_ .z 1
&y = argmin (o + Xt);t + 5013 - U(Xe)

We can see &: = —Z;/o, where (Xt, Yt, Z:) solves forward backward stochastic
differential equation (FBSDE) system:

dX: = (= Z:/o + Xi)dt + adW,, Xo=¢

dy, = (izﬁ - U(Xt)> dt + Z;dW, YT = G(X7).

27



Using Deep Learning to Solve
Mean Field Games



Using Deep Learning to Find Mean Field Nash Equilibrium

We cannot use the same ideas from mean field control!
Instead, we need to solve the FBSDE that characterizes the Mean field Nash
Equilibrium:

— Challenges: Coupled, McKean-Vlasov type equations

— Backward dynamics represents the dynamics of the value function (i.e., the
expected minimized cost between time t and T when player starts from X; = x).

t t
State dynamics «+ X; = ( + / b(s, Xs, Gs, pus)ds +/ odWs
0 0

T T
Value function < Y; = g(X7, 1) +/ f(s, Xs, Gis, ps)ds — / ZsdWs
t t

where e = L(X¢) and &s = as(Xs, ps, Zs) is the minimizer of the Hamiltonian:

Zs
b(S7XS7aS>M$)7 + f(57 X57a57:u’5)
g

29



Using Deep Learning to Find Mean Field Nash Equilibrium

We need to solve the FBSDE that characterizes the Mean field Nash Equilibrium:
— Backward dynamics represents the dynamics of the value function (i.e., the
expected minimized cost between time t and T when player starts from X; = x).

t t
State dynamics < X; = ¢ +/ b(s, Xs, Qs, ps)ds +/ odWs
0 0

T T
Value function + Yy = g(X7, ut) +/ f(s, Xs, &, pis)ds — / ZsdWis
t t
where p: = L(X:) and &s = &s(Xs, ps, Zs).
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Using Deep Learning to Find Mean Field Nash Equilibrium

We need to solve the FBSDE that characterizes the Mean field Nash Equilibrium:
— Backward dynamics represents the dynamics of the value function (i.e., the
expected minimized cost between time t and T when player starts from X; = x).

t t
State dynamics < X; = ¢ +/ b(s, Xs, Qs, ps)ds +/ odWs
0 0

T T
Value function + Yy = g(X7, ut) +/ f(s, Xs, &, pis)ds — / ZsdWis
t t
where p: = L(X:) and &s = &s(Xs, ps, Zs).

— In order to solve the coupled FBSDE, we are going to use a shooting method:

t t
Y, = Yo—/ f(s,Xs,ds,us)ds—&-/ Z.dW,;
0 0

30



Using Deep Learning to Find Mean Field Nash Equilibrium

— Now we have forward-forward stochastic differential equations:
t t
X = ¢+/ b(s,Xs,&s,us)ds—i-/ odW,
0 0

t t
Y, = Yof/ f(s,Xs,ds,,us)der/ ZodW,s
0 0

where i = L(X¢) and &s = as(Xs, ps, Zs) and we need to shoot Yr = g(Xr, ur).

— As before: Discretize the time.

31



Using Deep Learning to Find Mean Field Nash Equilibrium

— Now we have forward-forward stochastic differential equations:
t t
X = ¢+/ b(s,Xs,&s,us)ds—i-/ odW,
0 0

t t
Y, = Yof/ f(s,Xs,ds,,us)der/ ZodW,s
0 0

where i = L(X¢) and &s = as(Xs, ps, Zs) and we need to shoot Yr = g(Xr, ur).

— As before: Discretize the time.

— Similar to MFC: There is a distribution: Monte Carlo simulate a population of
size N and use the empirical distribution: .
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Using Deep Learning to Find Mean Field Nash Equilibrium

— Now we have forward-forward stochastic differential equations:
t t
X = ¢+/ b(s,Xs,&s,us)ds—i-/ odW,
0 0

t t
Y, = Yof/ f(s,Xs,ds,,us)der/ ZodW,s
0 0

where i = L(X¢) and &s = as(Xs, ps, Zs) and we need to shoot Yr = g(Xr, ur).

— As before: Discretize the time.

— Similar to MFC: There is a distribution: Monte Carlo simulate a population of
size N and use the empirical distribution: .

— Approximate controls Yy = yp,0,(Xo) and Z; = zp,(t, Xt) while trying to shoot
the terminal condition: Y7 = g(X7,u7), i.e.:

N

min yif _ Xi,@7 N0\ 2
9:(91702);( T g(X7", ur ))

— Continuous state application: Carmona-Lauriére (2021);
Finite state application: Aurell-Carmona-GD.-Lauriere (2022a).
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Pseudo-Code for Mean Field Game

Algorithm 4 Simulation of FFSDE trajectories

Input: Time horizon T; time increment At; initial distribution po; population size N
Output: Trajectories of X, Y, and Z processes.

1: Let n =0, tg = 0, sample X()" ~ o, and set Yoi = ygegl(Xé) forall i € {1,2,..., N}
2: while n Xx At =1t, < T do
30 Set Z] =zp,(ty, X} ) foralli€ {1,2,...,N}
4: Approximate the mean field using the empirical distribution of X/ and call it 1’
5 Set &l = a(ts, X; , pp, Zi) forallic {1,2,...,N}
6:  Sample AW, ~ N(0,At), forall i € {1,2,...,N}
7: Let x;‘n+1 = X[+ b(tn, X[, 6, pl )AL+ o AW, forall i€ {1,2,...,N}
i i i AT N i i .
8: Let Y = Yi, — f(ta, X{, &4 g )AL+ Z, AW/ forall i € {1,2,..., N}
9: Sett,=t,+ Atandn=n+1
10: end while

11: Set Nt = n, tny = T

12: return (X[, Y, , Z{ Jn=0,...,Npii=1,...,N

Remark: We update the parameters of neural networks by using stochastic gradient
descent to minimize the shooting cost:
N

i 3 08 5

i=



Extensions



Many Extensions are Possible

For example:

— Multiple large populations of agents

— More complex interactions among the agents: Graphon Games
— Addition of significant agents

e Major-minor mean field games
e Stackelberg mean field games
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Multiple large populations & Complex Interactions

— Multiple large populations: Previous ideas can be extended.

— More complex interactions: Graphon games can be used for modeling.
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Graphon Games*

— It is used to model:

e Heterogeneous agents
e Non-symmetric interactions

“Delarue (2017), Parise-Ozdaglar (2019), Carmona-Cooney-Graves-Lauriere (2019), Caines-Huang (2018, 2019),
Bayraktar-Chakraborty-Wu (2020), Aurell-Carmona-Laurigre (2021), Aurell-Carmona-GD.-Lauriere (2021)
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Graphon Games*

— It is used to model:

e Heterogeneous agents
e Non-symmetric interactions

— We can't focus on a representative player anymore. The agents are indexed by

x € 1:=]0,1].
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Graphon Games*

— It is used to model:

e Heterogeneous agents
e Non-symmetric interactions

— We can't focus on a representative player anymore. The agents are indexed by
x € 1:=]0,1].
— The graphon function w : [ x | — [0, 1] gives the connection strength between

two agents.

“Delarue (2017), Parise-Ozdaglar (2019), Carmona-Cooney-Graves-Lauriere (2019), Caines-Huang (2018, 2019),
Bayraktar-Chakraborty-Wu (2020), Aurell-Carmona-Laurigre (2021), Aurell-Carmona-GD.-Lauriere (2021)
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Graphon Games*

— It is used to model:
e Heterogeneous agents
e Non-symmetric interactions
— We can't focus on a representative player anymore. The agents are indexed by
x € 1:=]0,1].
— The graphon function w : [ x | — [0, 1] gives the connection strength between
two agents.

— Example:
e In a mean field game, interaction of the representative agent with the population
can be through X.

e In graphon games agent x interacts with the weighted population: f, w(x, y)XYdy.

— The solution is characterized by a continuum of FBSDE. We can still apply the
shooting method.

“Delarue (2017), Parise-Ozdaglar (2019), Carmona-Cooney-Graves-Lauriere (2019), Caines-Huang (2018, 2019),
Bayraktar-Chakraborty-Wu (2020), Aurell-Carmona-Laurigre (2021), Aurell-Carmona-GD.-Lauriere (2021)
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Addition of a Significant Player

— Situation: A player can have a significant effect on the whole system or they
can be in the role of a regulator.
— Examples of a player with a significant effect:

e Modeling hedge funds and individual (small) traders.
e Modeling large banks and regional banks together.
e A public-health authority deciding on epidemic mitigation policies for a large society.
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— Situation: A player can have a significant effect on the whole system or they
can be in the role of a regulator.
— Examples of a player with a significant effect:

e Modeling hedge funds and individual (small) traders.
e Modeling large banks and regional banks together.
e A public-health authority deciding on epidemic mitigation policies for a large society.

— Two ways to model:
e Major-minor mean field games
e Stackelberg mean field games
— Major-minor mean field games:

e All agents are in Nash equilibrium.

e Technical challenges if the major agent's
state has noise.

o |deas still can be extended.
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Addition of a Significant Player

Situation: A player can have a significant effect on the whole system or they
can be in the role of a regulator.
Examples of a player with a significant effect:

e Modeling hedge funds and individual (small) traders.

e Modeling large banks and regional banks together.

e A public-health authority deciding on epidemic mitigation policies for a large society.
Two ways to model:

e Major-minor mean field games

e Stackelberg mean field games
Major-minor mean field games:

e All agents are in Nash equilibrium.

e Technical challenges if the major agent's

state has noise.
o |deas still can be extended.

We will discuss

Stackelberg mean field games.
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Stackelberg Mean Field Games:
Definition & Deep Learning Approach



Stackelberg Mean Field Games Motivation

How can a regulator design the optimal policies/incentives in order to get the best
outcomes when she interacts with many agents who prioritize their own objectives?

— Some examples:

e A regulator incentivizes large number of banks borrowing and lending from a
central bank to minimize the expected number of defaults.

e A principal wants to write an optimal payment contract for a large number of
employees to maximize their expected return.

e A government wants to find optimal carbon tax levels for electricity producers to
attain the targeted reduction in the carbon emission levels.

e Companies want to optimize their advertisement decisions while interacting with
consumers to maximize their profits.

e Public-health authorities want to choose policies to mitigate an epidemic in a
society.

— This type of problems require introduction of another equilibrium notion between
the regulators and the large populations: Stackelberg equilibrium
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What is Stackelberg Equilibrium?

In Stackelberg equilibrium:
— There is a leader (principal) and a follower (agent).

— The leader chooses incentives and follower gives the best response to these
incentives.

— The leader optimizes incentives by taking into account the best response reaction
of the follower.

®Basar (1984, 1989), Holmstrém-Milgrom (1987), Sannikov (2008, 2013), Cvitani¢-Possamai-Touzi (2018)
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— There is a leader (principal) and a follower (agent).

— The leader chooses incentives and follower gives the best response to these
incentives.

— The leader optimizes incentives by taking into account the best response reaction
of the follower.

5

— Stackelberg Equilibrium?® is different than Nash Equilibrium!

In our setup: Instead of one follower, we have Principal Agent Population

a population of large number of noncooperative agents.

®Basar (1984, 1989), Holmstrém-Milgrom (1987), Sannikov (2008, 2013), Cvitani¢-Possamai-Touzi (2018)

40



What is Stackelberg Equilibrium?

In Stackelberg equilibrium:
— There is a leader (principal) and a follower (agent).

— The leader chooses incentives and follower gives the best response to these
incentives.

— The leader optimizes incentives by taking into account the best response reaction
of the follower.

5

— Stackelberg Equilibrium?® is different than Nash Equilibrium!

Agent Population

In our setup: Instead of one follower, we have e
a population of large number of noncooperative agents.

= Population will be in Nash Equilibrium given
the incentives of the principal!

Nash Equilibrium in the population will be
approximated with a Mean Field Game.

®Basar (1984, 1989), Holmstrom-Milgrom (1987), Sannikov (2008, 2013), Cvitani¢-Possamai-Touzi (2018)
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Stackelberg MFG: Agent Population

Incentives: A —— Mean field game: inf o J*(a; )

Principal Agent population

Mean field equilibrium: (&>, &™)

The cost for the representative agent using control a € A when facing a population
with state distribution p is

.
I (e ) :E{/ f(t, Xe, e, pe; Ae)dt + (X7, nri A7) |
0

where A is principal’s incentive choice. The agent's state X; has the following
dynamics:
dXt = b(t,Xt,at,ﬂt;)\t)dt+O‘th, XO :CN}LO
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Stackelberg MFG: Agent Population

Incentives: A —— Mean field game: inf o J*(a; )

Principal Agent population

Mean field equilibrium: (&>, &™)

The cost for the representative agent using control a € A when facing a population
with state distribution p is

.
PMap)=E {/ f(t, Xe, e, pe; Ae)dt + (X7, pri A7) |
0

where A is principal’s incentive choice. The agent's state X; has the following
dynamics:
dXt = b(t,Xt,at,Ht;)\t)dt+O‘th, XO :CN}LO

Different than before: We have the principal’s incentives.

The Mean Field Nash Equilibrium can still be characterized with an FBSDE given the
principal’s incentives.

Remark: Principal’s incentive, A, can be in the form of A(t, X¢, u).
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Stackelberg MFG: Principal

Incentives: A ——— = Mean field game: inf o J*(;

)

Principal Agent population

Y —

Optimization: infx J°(X) ~——— Mean field equilibrium: (&>, ju

)

The principal’s cost for incentive A\ is

i
L) = / ot A2, Ae)dt + go(A2 A7)
0
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Stackelberg MFG: Principal

Incentives: A ——— = Mean field game: inf o J*(;

)

Principal Agent population

Y $—

Optimization: infx J°(X) ~——— Mean field equilibrium: (&>, ju

)

The principal’s cost for incentive A\ is

i
L) = / ot A2, Ae)dt + go(A2 A7)
0

T'he principal’'s optimization problem is
inf JO(N).
A (A)

subject to:

— Given any incentive A, the agent population should be in mean field game Nash

equilibrium: (&*, o*)
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Stackelberg Mean Field Game Problem

The full problem becomes:

T Optimization of

. A A
inf fo(t At dt + 0 AT .
Xen J, M,“_Z &‘”,’_2 Principal
Running cost of principal Terminal cost of principal
A ¢ A A A ‘
X =(+/ b(s,Xs,&s,,us;)\s)ds—i—/adWS o
~~ 0 0 Equilibrium
State of agent Drift of agent .
. - in the
A A A A A A H
Yi = g(XT?:Ll’T;AT) +/ f(Sva ) Qs 5 s ;)‘5) ds — / ZsdWs Population
—_———
Value function Terminal cost of agent t Running cost of agent !

where p = L(X?) and ¢ ~ po.

This is a bi-level problem! One way to solve this can be an iterative process® or we

need to rewrite the problem”.

6Campbe|l, Chen, Shrivats and Jaimungal (2021)
7 Aurell-Carmona-GD.-Lauriere (2022), GD.-Lauriere (2025)
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Example: Systemic Risk Model with a Regulator

Extending the model of Carmona-Fouque-Sun (2013) to add a regulator.?

Principal (Regulator): Proposes incentive A and has the objective:
T .
inf / (e — A2mY24t 4+ 7E{]1XT<D]
A Jo

for exogenous A¥™ and D <0 .
N~ N——

aimed level Default value

Agent Population (Banks): Controls the lending and borrowing amounts a..
The objective of the representative bank is given as
T 2 _ . .
inf L Aeae(Xe — Xe) + = (Xe — Xe)?dt + = (X7 — X7)?
'2/0 [2 o (Xe t)+2( t t) +2( T T)]
where €, c, A > 0 are exogenous constants and
dXt = [a()_(t — Xt) + Oét} dt + th

where W, is the idiosyncratic noise and a > 0 is an exogenous constant.

8GD.-Laurigre (2025)
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How to rewrite this model to end up with

a single level problem?



Rewriting the Problem I: Rewriting Backward Equation

We have the following objective

]
inf [ (62 At + 13 A7)
0

where the trajectories of X; and Y;: are determined by the following forward backward

stochastic differential equations:

t t
x> :c;+/ b(s,xs*,aﬁ,ui;As)der/ adW,
0 0

T T
Yt>\ :g(X‘])'\,,LL;\'.)\T)'i_/ f(S7XSA7d?7M?;)\S)dS—/ stWS
t t
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Rewriting the Problem I: Rewriting Backward Equation

We have the following objective

.
inf /0 ot 127%™, Ae)dt + go(u7* 7, Ar)

Z,Yo

where the trajectories of X; and Y;: are determined by the following forward forward

stochastic differential equations:

t t
XEo :<;+/ b(s,X:"z‘YO,&?’Z’Y",u?’z’y‘);As)ds-l—/ odW,
0 0

t t
YOETo= ¥ — / F(s, X270, a0 50, 270\ ) ds + / Z.dW,
0 0

with the constraint
X,Z,Y XZYe  NZ,Y.
Y—,— °=g(XT OnuT Or/\T)'

Controls of the problem are now A\, Z, Yj
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Rewriting the Problem ll: Introducing the Penalty

Idea: Instead of solving a constrained optimization problem, introduce the penalized
objective function and directly solve it!
— Our constrained problem is:

T

inf [ fo(t, m %70 A)dt + go(uy ™, AT)
X.Z,% /o

with the constraint

AZ, Y AZYe  AZ)Y.
‘YT O =g(XF T uT T AT).

and where the trajectories of X; and Y: are determined by the previously introduced
forward forward stochastic differential equations.
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Rewriting the Problem ll: Introducing the Penalty

Idea: Instead of solving a constrained optimization problem, introduce the penalized
objective function and directly solve it!
— Our constrained problem is:

T

inf [ fo(t, m %70 A)dt + go(uy ™, AT)
X.Z,% /o

with the constraint

AZ, Y AZYe  AZ)Y.
‘YT O =g(XF T uT T AT).

and where the trajectories of X; and Y: are determined by the previously introduced
forward forward stochastic differential equations.

— Introduce the penalty function and in this way the problem becomes:

.
inf [ Rt w70 A)dt + go (1P, A7)
Xz o

+v|E[P(Y25Y0 — g (X}, 13570 00) )]

where P is a penalty function such that P(0) = 0 and P(x) > 0 for all x # 0.
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Rewritten Optimization Problem

The rewritten penalized problem becomes:

.
inf fo(t, %" Xe)dt + go(up? ™, A7)
AZ,Y0 Jo

Cost of the principal: JO

+ v E [POYRH — g(XP2, 1327 00) )]

Penalty: P

where

t t
X0 :g+/ b(s,Xf"z’Y",ds)"z’y",u?"z’y";)xs)ds+/ odWs,
o, ° . FFSDE
YN =y, — / F(s, X2 G057, i 2270\ ) ds + / Z.dW,
0 0

and M2 = £(x}Z ).

This is a single-level problem!
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Using Deep Learning to Solve Stackelberg Mean Field Games

DeepStackelbergMFG ldea: Similar to the ideas introduced earlier, utilize neural
networks (NN) to approximate functions for the controls of the problem.

Steps:
— Parameterize the new controls (X, Z, Yy) and implement NNs to approximate.

— Monte Carlo simulate the trajectories of X; and Y; by using the time-discretized
forward forward stochastic differential equations and for the distribution use the
empirical distribution of state X;.

— Minimize over NN parameters the time-discretized (and penalized) cost of the
principal.

Remark: These results hold even if policies are in more complicated forms such as
)\(t7 Xt) or )\(t7 Xt, /,Lt)
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Pseudo-Code for Stackelberg MFG

Algorithm 5

Input: number of particles N; time horizon T; time increment At; initial distribution pg
Output: Trajectories of X, Y and Z processes

1: Let n =0, tg = 0; sample Xé ~ o and set Yo" = )’0,91(X0’.)v forallie {1,...,N}

2: while n x At =1t, < T do

30 Set Z] =z, (tn, X[ ), Aty = Noy(tn), forall i € {1,..., N}

4: Approximate the mean field using the empirical distribution of Xtin and call it u?[l,
i ~ i _ T i .

5: Set aén = &(tn, Xt’n, px, A Zt’n; Ag,), forallie {1,..., N}

6:  Sample AW, ~ N(0,At), forall i € {1,..., N}

7: Let X;'M = X[+ b(tn, X[, 6, wi i Aey) At + AW, forall i € {1,..., N}

8 Let Y]  =Y{ —fta, X[, &}, i) AL+ (Z) AW, foralli € {1,..., N}

9: Sett,=t,+ Atand n=n+1

10: end while

11: Set Ny =n, ty =T

12: return (X} , Y] . Z] Ae)n—o....nps i € [N] and (ta)n-o,....n

T

Remark: We update the parameters of neural networks by using stochastic gradient
descent to minimize the penalized cost:

Ny —1

5= 6 (tnsly () 8t 0 (4 ey (M) + 3 Do (¥ = 6 (X502 (7))
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Numerical Approach: Extensions

— We can implement this numerical approach to models with more complexity:

e For example, we can have a path dependent terminal payment as a control for the
principal as in contract theory.

e We can have interactions through the distribution of control and state instead of
just the distribution of state in the spirit of extended mean field games.
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More examples



Example 1: Systemic Risk Model with a Regulator®

Principal (Regulator): Proposes incentive A and has the objective:
T .
inf / (e — A2mY24t 4+ 7E{]1XT<D]
A Jo

for exogenous A¥™ and D <0 .
N~ N——

aimed level Default value

Agent Population (Banks): Controls the lending and borrowing amounts a..
The objective of the representative bank is given as
T o2 _ . .
inf L Aeae(Xe — Xe) + = (Xe — Xe)?dt + = (X7 — X7)?
'2/0 [2 o (Xe t)+2( t t) +2( T T)]
where €, ¢, A > 0 are exogenous constants and
dXt = [a()_(t — Xt) + Oét} dt + th

where W, is the idiosyncratic noise and a > 0 is an exogenous constant.

9Carmona, Fouque, and Sun (2013)
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Solutions: Systemic Risk with a Regulator (I)

10 0.10
— total loss — penalty | o, — ;\m
0.8 0.08
0502
06 0.06
0.500
04 0.04
0.498
02 0.02
0.4%
0.0 0.00
200 400 600 800 0 200 400 600 800 000 025 050 05 100 125 150 175 2
Iterations Iterations. Time
10 — Xpath 10 — Vpath -07 — numerical &
08 08
05
06 -0.9
00
04 1o
05 02
11
“10 0.0

0.00 025 050 0.75 1.00 125 150 175 2.00
Time

000 025 050 075 100 125 150 175 2.00
Time

0.00 025

Figure 4: Systemic Risk Model with v = 0.
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—0.001
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Solutions: Systemic Risk with a Regulator (I1)

50 0.10
— total loss — penalty | o500
40 0.08 0.495
0.490
0 006 0.485 i
0.480 Asm
20 0.04
0475
10 0.02 0470
0.465
o 0.00
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 000 025 050 075 100 125 150 175 200
Iterations Iterations Time
100 — Xpath 10 — Vpath — numerical &
-02
075
08 —04
0.50
025 06 -06
0.00 -08
04
-0.25 -10
~050 02 12
-0rs 00 -14
000 025 050 075 1.00 125 150 175 200 000 025 050 075 100 125 150 175 200 000 025 050 075 100 125 150 175 2.00
Time Time Time

Figure 5: Systemic Risk Model with v = 10.
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Solutions: Systemic Risk with a Regulator (IlI: Higher Dim.)

— total loss — penalty

1074 3 — A5 e A

0 200 400 600 800 1000 0 200 400 600 800 1000 00 02 04 06 08 10
Iterations Iterations Time

Figure 6: Systemic Risk Model with higher state and control dimensions and nonlinearity.
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Example 2: Contract Theory Model with a Principal and Many Agents'®

Principal: Proposes incentive: £ and has the objective

irng[g — X71]

Agent Population: Controls the effort level a;.

The objective of the representative agent is given as

T 2
inf IE[/ k—tdt—ﬁ]
« 0 2
where k > 0 is an exogeneous constant and
dX; = (Oét + aXe + B Xe + 6207:) dt + dW;
where 1, 52 > 0 are constants, and W, is the idiosyncratic noise.

Remark: Optimal Effort of the agent is given by

oot B)(T—1)

k

Oé:LK = (1-1—,32)

IOEIie, Mastrolia, and Possamai (2019)
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Solutions: Interactions through the Mean of Controls

0.5
300 —— total loss — penalty
250 4 0.4
2004
0.31
150 4
100 02
504
0.1
ol
T T T T T 0.0 T
0 5000 10000 15000 20000 0 5000 10000 15000 20000
Iterations Iterations
— Xpath 10 — ¥path — numerical &
o 225 explicit
N
.
8 250
6 7 2.25
4 6 2.00
. ,
1.50 ™~
0
Figure 7: dX, = (at +aXe + ﬁzadt) dt + dW,
T At m o k a By B ~
2.0 0.02 51 1.0 1.0 0.4 0.0 0.5 0
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Example 3: Mitigating Epidemics (1): Intuitions'!

(If time permits.)
— Agent Population:

— Control: Socialization levels
— Objectives: Following the policies, minimizing the cost of treatment if

Bay faﬂt(a» |) . ol

infected

— Principal:
— Control: Social distancing measures, stimulus payment
— Objectives: Following the recommendations from healthcare professionals
and flattening the curve

1 Aurell, Carmona, GD., Lauriere (2022)
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Example 3: Mitigating Epidemics (I1): Agent’s Model

Control: Socialization Level: a:
States: Health Conditions: Susceptible (S), Infected (1), Recovered (R)

Objective:

inf E[/OT % (AES) _at>2 Ls(x) + (; (,\g') _at)2 +a >]l|(x)

(cet)e
treatment
cost

(,\‘tR) - at>2 1r(x) dt— 5]

cost of not following the policy

L1
2
where ¢y, ¢ € Ry are constants.

State Dynamics:

ﬁatjapt(av |) . Y
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Example 3: Mitigating Epidemics (I11): Principal’'s Model

Controls: Social Distancing Policy A, stimulus check &

Objective:
. ! > B i 50 2
inf IE[/ cme pe()° + g —()\t — Ap ) dt+£]
(Ae)e,€ 0 . ~—
flattening the curve ie{S,I,R} recommended
policy

for constant X, 3 € RT and crur > 0.

Health care system capacity

Without
Protective
Measures
With Protective
Measures
Time since first case
4 https:/ /www.npr.org/sections/health-shots/2020,/03 /13 /815502262 /flattening: jemics-cun hy-staying-h an. li
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Solution: SIR Mean Field Game

1.0
0.8
206 —s
g — 0.8
004 _—
07 [
0.2
0.0 0.6
o 10 20 30 40 50 10 20 30 40 50
Days Days

Figure 10: Late lockdown, explicit solution. Evolution of the population state distribution (left),
evolution of the controls (right).

B R B T
\—\__,__—f—j —
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Davs Davs

Figure 11: Late lockdown, numerical solution. Evolution of the population state distribution (left),
evolution of the controls (right).



Solutions: SEIRD Stackelberg Mean Field Game

— Stackelberg B

-~ Free Spread e

5 10 15 20 25 30 o 5 10 15 20 25 30
Days Days
Figure 12: SEIRD Dynamics (top). SEIRD Stackelberg MFG in comparison with free spread SEIRD
dynamics (bottom): Comparison of the Cumulative Density of Infected people (left); Evolution of the
controls (right).
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Solutions: SEIRD Power-Law Graphon Game
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Figure 13: SEIRD & power-law graphon: w(x,y) = (xy) & where —oo < g <0
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Conclusions

This tutorial was about introducing the machine learning methods mean field
games and related problems.

— We gave an introduction to stochastic optimal problems and described how neural
networks can be used to solve these problems.

— We discussed extension to the large population setup with both cooperative and
non-cooperative agents.

— We introduced different extensions and how machine learning can be utilized to
solve them.

Thank you!

gokcedQ@illinois.edu
www.gokcedayanikli.com
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