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[Maschler et al., 2013]

“Game theory is the name given to the methodology of using
mathematical tools to model and analyze situations of
interactive decision making.”

Each player aims to optimize their utility.

So let us start with a recap of some optimization results.
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Linear programming

n
min g i =clx
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x> 0.
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Linear programming

n
min g i =clx
xX
i=1

sit. Az <b
x> 0.

Linear program
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Linear program (LP)
n
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If the LP is not infeasible or unbounded, there is an an extreme
point which is an optimal solution.
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Linear programming

Linear program (LP)

n 3 %
_ T
max E CiTi =C I ",
x ,,
i=1 "":u:,, 21 D
st. Az <b )
xz > 0.

If the LP is not infeasible or unbounded, there is an an extreme
point which is an optimal solution.



Integer programming tools for games

Linear program (LP)
n
T
max Cly, =C X
1=

st. Az <b
x> 0.

If the LP is not infeasible or unbounded, there is an an extreme
point which is an optimal solution.
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Representation of polyhedra

Theorem
Let X C R™ beanon -empty polyhedron with at least one extreme point. Let =, . . . , =¥ be the extreme points
and w? ,...,w" betheextreme rays. Then
k
X={zcR":z ZAerZow ST A =1, 20,0; >0}
j=1 =1
= Polytope + Cone Minkowski sum
= conv({:cl, o ,:vk}) + cone({wl, conw))
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Representation of polyhedra

Theorem
Let X C R™ beanon -empty polyhedron with at least one extreme point. Let =, . . . , =¥ be the extreme points
and w? ,...,w" betheextreme rays. Then
k
X={zcR":z ZAerZow ST A =1, 20,0; >0}
j=1 =1
= Polytope + Cone Minkowski sum
= conv({:cl, o ,:vk}) + cone({wl, conw))

= +
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Primal problem Dual problem
z* cargmax ¢’z y* € argmin b7y
x Y
sit. Az <b st. ATy >¢
x> 0. y > 0.
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Duality and complementary slackness

Primal problem Dual problem
z* cargmax ¢’z y* € argmin b7y
x Y
sit. Az <b st. ATy >¢
z > 0. y > 0.

Strong duality: the optimal objective values of the primal and dual are equal.

Complementary slackness:
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Optimality conditions

Problem (P)

min f(x)
s.t. gi(z) <0 i=1,...,m
hj(x) =0 j=1...,r
Lagrangian

Lz, uv) = f@)+ 3 uig(@) + 3" vihs (@)
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Optimality conditions

Problem (P)

KKT conditions
min f(x) V.L =0
st gi(z) <0 i=1,...,m ui-gi(z) =0 i=1,...,m
hj(x) =0 j=1,...,r gi(x) <0 i=1,...,m
hj(x):O j=1...r
Lagrangian Ve L !
L(z,u,v) = f(z) + Y wigs(z) + > v;h;()
i=1 j=1
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Optimality conditions

Problem (P) KKT conditions
min f(x) VoL =0
st. gi(xz) <0 i=1,...,m ui-gi(2) =0 i=1...,m
M@ =0 =T Gla) <0 i=lim
. hj(CE)ZO j:l,...,?"
Lagrangian w >0 i=1....m

Lz, u,v) = f(z) + Z wigi(z) + Z v;h; () Under constraint qualification, any
=1 = local minimum of (P) satisfies the
KKT conditions.
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Optimality conditions

Problem (P)

min f(x)
st gi(z) <0 i=1,...,m
h’J(I):O Jj=1..r
Lagrangian
L(z,u,v) ) + Zuzgz + Z%h](ﬂf)
j=1

KKT conditions

VL =0

ui-gi(z) =0 i=1,...,m
gi(z) <0 1=1,...,m
hj(z) =0 j=1,...,r
u; >0 1=1...,m

Under constraint qualification, any
local minimum of (P) satisfies the
KKT conditions. Under convexity,
the KKT conditions are necessary
and sufficient for global optimality.

—Vaf(x)
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Optimality conditions

Definition (LCP [Cottle et al., 2009])
Given ¢" € R and M € R™*", the linear complementarity
problem, searches for = € R™ such that

z2>0
q+Mz>0
g+ Mz)=0 csw=q+MzTw=0w>0

The theory of LCPs is particularly useful for bimatrix games and
continuous games (with concave problems for each player).
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Optimality conditions

z>0, g+Mz2>0, zT(q+Mz):0

Player X Player Y
X 1 Y 1
mwincT a:+x-CX-y+§acTQXm mJncT y+y-Cy»x+§yTQYy
s.t. Az >0b s.t. Dy>f
x>0 y>0
KKT conditions KKT conditions
a=cX +cXy+Q%¥zs—aTy B=c" +Cc¥s+Q y- DT
v=—b+ Az n=—f+ Dy
z-a=0 yTB:O
,uTVZO )\Tn:O
z>0,p>0,0>0,v>0 y>0A>0,3>0,n>0
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Optimality conditions

z2>0, q+Mz>0, zT(q+Mz):0
Player X Player Y
mzin cTXa:+ac-CX -y+%xTQXx n’]Jn CTYy+y-CY 'ﬂch%yTQYy
s.t. Az >0b

s.t. Dy> f
x>0 y>0
KKT conditions KKT conditions
a=cX + 0%y +Q@%¥z - ATy B=c' +CYe+Q@ Yy - DT
v=—b+ Az n=—f+ Dy
T o= yT[;{:()
wWTv=o0 Ap=o0

y20A20,20,n20

CX’ CQX' __117' (7X 0 €T

—b A 0 0 0 0
= _ z =
= M=1ev o @v _pr y

—f 0 D 0 A

©00000609060000000000000000000006000000
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LCPs and integer programming

2T(q4+Mz)=0 A 2>0 A q+Mz>0
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LCPs and integer programming

2T(q4+Mz)=0 A 2>0 A q+Mz>0

<:>/\(zi=O\/(q+Mz),-=O)/\zi20 AN (g+Mz); >0

k3
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LCPs and integer programming

2T(q4+Mz)=0 A 2>0 A q+Mz>0

<:>/\(zi=O\/(q+Mz),-=O)/\zi20 AN (g+Mz); >0

k3

<:>/\(zingi/\(q—i—Mz)igL(l—xi)/\xi6{0,1})/\21-20 AN (¢+Mz); >0

2

L sufficiently large
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Integer programming

Integer program (IP)

max clz
x
s.it. Ax <b

ze€Zy.

B0000000000000000000000000000000000000000000000000000000000000000004J
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L Integer programming

Integer program (IP)

max clz Linear relaxation
xT

st Az <b Convex hull

ze€Zy.

Linear relaxation

max ¢’z
xT
sit. Az <b
z € RY.
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L Integer programming

Integer program (IP)

max clz Linear relaxation
xT
st Az <b Convex hull
ze€Zy.
Linear relaxation
max ¢’z
xT
sit. Az <b
z € RY.

Ideally, we'd like to know the convex hull of the feasible region of (IP).
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Branch-and-bound by Ailsa Land and Alison Doig

Integer program (IP)

max 7xi + 9xo
x

s.t. —x1 +322 <6
Txy + xz9 < 35
xg <7
Ty, 02 € Zy.

(0, 0) is feasible and thus, we
have the lower bound 0.

infeasible
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Integer programming

Branch-and-bound by Ailsa Land and Alison Doig

Integer program (IP)

max 7xi + 9xo

x

—x1 +3z2 <6
Txy + xz9 < 35
xg <7

Ty, 02 € Zy.

s.t.

(0, 0) is feasible and thus, we
have the lower bound 0.
S :(x1,x9) = (4.5,3.5)

infeasible

900000000000



Integer programming tools for games
Integer programming

Branch-and-bound by Ailsa Land and Alison Doig

Integer program (IP)

max 7xi + 9xo

x

—x1 +3z2 <6
Txy + xz9 < 35
xg <7

Ty, 02 € Zy.

s.t.

(0, 0) is feasible and thus, we

have the lower bound 0.
infeasible

Syt (z1, @) = (4, 12)

900000000000
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Integer programming

Branch-and-bound by Ailsa Land and Alison Doig

Integer program (IP)

max 7xi + 9xo
x

s.t. —x1 +3xz2 <6
Txy + xz9 < 35
xg <7
z1, 22 € Zy.
(0, 0) is feasible and thus, we
have the lower bound 0.
infeasible
S1,1:(z1,z2) = (4,3)
o 000 o 0od

900000000000
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Integer programming

Branch-and-bound by Ailsa Land and Alison Doig

Integer program (IP)

max 7xi + 9xo

x

—x1 +3z2 <6
Txy + xz9 < 35
xg <7

Ty, 02 € Zy.

s.t.

(0, 0) is feasible and thus, we

have the lower bound 0.
infeasible

S1,2 :infeasible

900000000000
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Branch-and-bound by Ailsa Land and Alison Doig

Integer program (IP)

max 7xi + 9xo
x

s.t. —x1 +322 <6
Txy + xz9 < 35
xg <7
Ty, 02 € Zy.

(0, 0) is feasible and thus, we
have the lower bound 0.

infeasible

So :(x1,x2) = (5,0)
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Integer programming

Integer programs (IPs) are non-convex optimization
programs.
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Integer programming

Integer programs (IPs) are non-convex optimization
programs.

Although the theoretical intractability of IPs, we have
powerful tools that can solve them efficiently in practice.

Next, we will see some examples of non-convex games
which can benefit from IP tools.
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Costs
Fixed
Vari.
v v \ v
Qe 0 O >
Stock
v v v v
Price
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Lot-sizing game

Costs
1
Fixed —F]
Vari, — 7{
v v \ v
Qe 0 O >
Stock
v v v v
Price
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Lot-sizing game

Costs
P
Y1
Fixed —F]
P
Ty
Vari, — 7{
@—»@—F
Stock
2
a;
Price

)
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L Non-convex games

Lot-sizing game

Costs
u

Fixed —F]
Vari, — 7{

\ \4 \ \

Qe 0 O >
Stock

vV vV \ \
Price P (511 )
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L Non-convex games

Lot-sizing game

Costs
u
Fixed —F]
Vari, — 7{
\ A \ \
Qe 0 O >
Stock
vV vV \ \
Price P(Cgll)
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L Non-convex games

Lot-sizing game

Costs
u

Fixed —F]
Vari, — 7{

\ A \ \

Qe 0 O >
Stock —H :f

vV oV v \/
Price P (511 )
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Lot-sizing game

Costs
0 uh Yt Y
Fixed —F —Fy —Ff —F7
b zh ¥ !l
var., — 7{ 7(75 —Cy *C?
VYV W V¥ a A I 4
Do > > D> >
Stock 7H:f 7H£ 7”,[/:1 —[[f 7H§17J
v \ / v y
q1 qs q qr
Price P(Q1) P(Q2) P(Q¢) P(QT)



Integer programming tools for games

LOt'SiZl ng ga me [Carvalho et al, 2018]

Each playeri = 1,2, ..., m solves the following parametric mathematical
programming problem

T T T
max ZP (Qu)ai — > Fiyi — > Hihi—> Cix;
t=1 t=1 t=1

i gt gl Rt
yhat,gtht T

subjectto zi + ki | =hi+q. fort=1,...,T

0 <2t < Myl fort=1,...,T
it
0 — T —
vl e {0,1} fort=1,...,T

B000000000000000000000000000000000000000000000000000000000000004uJ
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Kidney exchange game

Kidney exchange programs (KEPs) consist of incompatible
patient-donor pairs and seek to optimize the patients benefit by
determining compatible exchanges.
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Non-convex games

Kidney exchange game
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patient-donor pairs and seek to optimize the patients benefit by
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Kidney exchange game

Kidney exchange programs (KEPs) consist of incompatible
patient-donor pairs and seek to optimize the patients benefit by
determining compatible exchanges.
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Non-convex games

Kidney exchange game

Many national KEPs in Europe are the result of
collaboration between transplant centers;

Some centers run their own program in parallel to the
national KEPs;

Nowadays, many countries have national KEPs.
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Non-convex games

Kidney exchange game

Many national KEPs in Europe are the result of
collaboration between transplant centers;

Some centers run their own program in parallel to the
national KEPs;

Nowadays, many countries have national KEPs.

This motivates a game theoretical analysis.

Literature: [Roth et al, 2005, Sonmez and Unver, 2013, Ashlagi and Roth, 2011, Toulis and Parkes, 2011,
Ashlagi et al., 2015, Caragiannis et al,, 2015, Ashlagi and Roth, 2014, Toulis and Parkes, 2015, Blum et al, 2017,

Klimentova et al, 2020, Bir6 et al., 2020]
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L Non-convex games

Kld ney eXCha nge ga me [Carvalho et al,, 2017, Carvalho and Lodi, 2022]

Players
Player A controls the incompatible patient-donor vertices (-]
Player B controls the incompatible patient-donor vertices ® ° ~ e @
Country A solves the following parametric mathematical program e 6 6 i
A ————

max Z w?zf + Z w?z?zf X X

2Ae{0,1}|CAIHIT ST cel
[ 3 ] [ 3 ]

st St Y wf<1 ovievd g e e
ccCAiice cel:i€c X X
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Non-convex games

Energy trade gaMeE icanatnoetal, 2021a]

Minimizes
domestic cost of carbon
- import costs
- the negative of export profits

Portugal
Determines:
export;

- Domestic CO2
taxation

Energy producers

P1 o o . Pn
Cournot
game

Each producer determines:
- the production of their plants

Portugal icon: by Tom Walsh from the Noun Project

- energy to import and

B00000000000000000000000000000000000000000000000000000000004

Minimizes:
- domestic cost of carbon
- import costs
the negative of export profits

Italy
Determines
- energy to import and
export;

- - Domestic CO2
taxation

PN

Energy producers

P1 « e . Pn
Cournot
game

Each producer determines
- the production of their plants

taly fcon: by Linseed om Noun Project
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Non-convex games

Mathematical programming game iragotoetal, 2021, bragotio, 20221

Definition

A mathematical programming game (MPG) is a game among n
players with each playerp = 1,2, ..., n solving the optimization
problem

max 1P (zP 27 P)
reXP

where X7 is the set of feasible solutions for player p.
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Non-convex games

The goal of each player in the game can be described through
a parametric mathematical program.
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Non-convex games

The goal of each player in the game can be described through
a parametric mathematical program.

What is the interest of solving MPGs?

What is a solution for an MPG?

What is the computational complexity of determining such
solution?

Can we extend the tools of (tractable) non-convex
optimization to (some) MPGs?
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Non-convex games

The goal of each player in the game can be described through
a parametric mathematical program.

What is the interest of solving MPGs?

What is a solution for an MPG?

What is the computational complexity of determining such
solution?

Can we extend the tools of (tractable) non-convex
optimization to (some) MPGs?

In this tutorial, we will focus on NASPs.



Integer programming tools for games

e
Contents
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= Background
= Algorithms
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economy: a player, called the leader, takes his
decision before decisions of other players, called
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Motivation

H. Stackelberg publishes The theory of market
economy: a player, called the leader, takes his
decision before decisions of other players, called
the followers;

Understanding of the fundamental concepts;
Development policy (e.g. determination of
pricing policies);

Generalization: multilevel programming -
Hierarchical structures;

Computational complexity theory;
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Motivation

Algorithms to linear bilevel programming
problems;

Algorithms to integer linear bilevel programming
problems;
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Motivation

Algorithms to linear bilevel programming
problems;

Algorithms to integer linear bilevel programming
problems;

Bilevel problem specific algorithms/heuristics;
Defence-planning problems (e.g. Transmission
networks);

Worst-case analyses;

Interdiction problems (e.g. sensitivity analysis);
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Reference

Continuously being updated:

[3 [Vicente, L. N. and Calamai, P. H., 1994]
Bilevel and multilevel programming: A bibliography review.
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Definition

Bilevel Programming Problem (BPP):

Minimize, , L (z,y)

subjectto (z,y) € X
where y solves the follower’s problem
Minimize, F' (z,y) st (z,y) €Y
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Definition

Bilevel Programming Problem (BPP):

Minimize, ,, L (x,y)
subjectto  (z,y) € X
y € argmin{F (z,¢') : (z,4') € Y}
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Definition

Bilevel Programming Problem (BPP):

Minimize, , L (z,y)
subjectto  (z,y) € X
y € argmin{F (z,v') : (z,y') € Y}

Relaxed feasible set

Q={(z,y): (z,y) € Xand (z,y) € Y}



Integer programming tools for games

Definition

Bilevel Programming Problem (BPP):

Minimize, , L (z,y)
subjectto  (z,y) € X
y € argmin{F (z,v') : (z,y') € Y}

Lower level feasible set

Qz) ={y: (z,y) €Y}
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Definition

Bilevel Programming Problem (BPP):

Minimize, , L (z,y)
subjectto  (z,y) € X
y € argmin{F (z,v') : (z,y') € Y}

Follower's best reaction to z is the set

M(z) = {y € argmin{F (z,y') : ¥ € Q(x)}}
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Definition

Bilevel Programming Problem (BPP):

Minimize, , L (z,y)
subjectto (z,y) € X
y € argmin{F (z,y') : (z,y') € Y}

Induced region is the set (bilevel feasibility)
IR = {(z,y): (z,y) € Qand y € M(z)}

which in general is non-convex.
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Definition

Bilevel Programming Problem (BPP):

Minimize, , L (z,y)
subjectto (z,y) € X
y € arlgmin{F (z,y) : (z,¢/) € Y}

Don’t mix with bi-objective optimization problems.
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Challenges

The problem may not be well-defined.
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Challenges

The problem may not be well-defined.
Even the linear BPP is NP-hard.
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Background

Example: optimistic and pessimistic cases

Consider the following Stackelberg Competition:

A, B\ A _ 0 A
mix (20 — (7 + =z )) x 10z

x

s.t. 2z >0

where z & solves the follower's problem

A B B B B
max 20 — (= x 7 — b5z — 25
B ( (= + )) Y

s. t. OSIB SMyB

y2 e {0,1}.

If z4 = 5, then zZ(5) = 5 or
22 (5) = 0, and the leader’s
profit is 0 or 25, respectively.
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Given a strategy of the leader, the follower may have multiple
optimal strategies.
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yields the best objective value for the leader.



Integer programming tools for games

Given a strategy of the leader, the follower may have multiple
optimal strategies.

Furthermore, these equivalent follower’s strategies can yield
different objective values for the leader.

In the optimistic scenario, the follower picks the strategy that
yields the best objective value for the leader.

Sad Leader
In the pessimistic scenario, the follower picks the strategy that
yields the worst objective value for the leader.
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Example

Going back to the Stackelberg Competition:

r:ix (20 - (:L‘A + zB)) x4 — 1024

A

s.t. z© >0

where z? solves the follower's problem

By
st 0< 2P < My®B

vB e {0,1}.

Optimistic formulation
The optimal solution is
(a*,2%,y") = (5,0,0)

maxB (20 - (a:A + zB)) =B —

508 — 2548
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Background

Example

Going back to the Stackelberg Competition:

A B A A
r;lix(207(z + ))z — 10z

st a? >0

where 22 solves the follower's problem
A B B B B
xg]?;B (20 — (2" 4+ =z )) z° — bz — 2By

B

st 0<azP < my®

y? € {0,1}.

Pessimistic formulation

The problem feasible region is a
non-compact set which (in this case) leads
to the non-existence of an equilibrium.
The leader has incentive to choose 5 @
24 = 5+ ewith e > 0verysmall.

B0900000000000000000000000000000000000000000000¢
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Algorithms

How do we solve BPP?

Convex BPPs
Non-convex BPPs (Integer BPPs)
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Convex BPPs

Minimize, y L (z,y)

subjectto (z,y) € X
where y solves the follower’s problem
Minimize, F (z,y) st (z,y) €Y
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Convex BPPs

Minimize, y L (z,y)

subjectto (z,y) € X
where y solves the follower’s problem
Minimize, F (z,y) st (z,y) €Y

F(z,y) is a convex function and Y is a convex set in y for all values of z.



Integer programming tools for games

Convex BPPs

Minimize, y L (z,y)
subjectto (z,y) € X
where y solves the follower’s problem
Minimize, F (z,y) st (z,y) €Y
F(z,y) is a convex function and Y is a convex set in y for all values of z.

The lower level problem can be replaced by its KKT-conditions to obtain an
equivalent single-level problem.
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Example: Network pricing problem s eta 190 suietat 2022

Leader prices t1, i, t3, t4.

Follower 1 goes from 1 to 3.
Follower 2 foes from 9 to 15.
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Algorithms

Example: Network pricing problem s eta 190 suietat 2022

max Z nktax];
t20,2,y o7

(F ") e arg min ST (ca+ta)EE + > cata

YacAq a€Ay
" - ~ a k .
vk e K S @+ Y. Ga— P, &t D, Ha=b;, i€V,
acAT (i) acA (i) acA] (i) acAy (i)
Zq € {0,1}, a € Ay,
Yo € {0,1}, a € Ag,

where bif = 1ifi = ok, —1ifs = dk,and 0 otherwise.
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Example: Network pricing problem s eta 190 suietat 2022

kT gk Dual
tggfm k;(n the
z® € argmin(c + t)T 2" y* € argmax(v*) T g"
&k Vk € K ok
vk € K Ask ok { AT < ett
& >0
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Example: Network pricing problem s eta 190 suietat 2022

e k;{ nPtT * Dual
z® € argmin(c + )T 2* y" € argmax(v*)7 5"
2k Vk € K ok
Vk € K AzF — bk { ATQk§C+t
#F >0

Standard formulation: strong duality
max Z nkthk
t20,2,y 57
Ak =P
zF >0
vk € K -
A yk <cH+t

(c+nTak = ")Ty*
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Algorithms

Example: Network pricing problem s eta 190 suietat 2022

Som kyT gk Dual
t>01k€K
k)T ok
k eargmin(c+t)chk y eargmax(b )
ak vk € K
Vk € K Azk — Bk ATGF < e tt
#F >0

Standard formulation: complementary slackness

max Zntz

20,0,y , 55,

Vk € K -
ATyk§c+t

e+ T —aTy*)F =0
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Integer BPPs - Example from Moore and Bard (1990)

in —x—1
mlg x Oy

Py = Ryand P, = Ry Py = Ryand Pr, = Z
st. x € Py 4 4
min y 3 3
! 2 2
st bx — 4y > —6
—z—2y>—10 1 1
—2z+y>-15 \ \
22+ 10y > 15 123456738 123456738
y € Pr
4 Py =Zyand Pp, = Z 4 Py = Zyand P;, = Ry
3 3
2 2
1 1
"1 2345678 "1 2345678

B@o000D000000000000000000000000000000000000L
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Integer BPPs - Example from Moore and Bard (1990)

in —x—1
mlg x Oy

Py = Ryand P, = Ry Py = Ryand Pr, = Z
st. z € Py 4 s 4
min y 3 3
! 21/ 2
st bz — 4y > —6 .
—z—2y>—10 1 1
—2z+y>-15 \ \
22+ 10y > 15 123456738 123456738
y € Pr
4 Py =Zyand Pp, = Z 4 Py = Zyand P;, = Ry
3 3
2 2
1 1
"1 2345678 "1 2345678

B@o000D000000000000000000000000000000000000L
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Integer BPPs - Example from Moore and Bard (1990)

mig—x—wy
st. x € Py
min y
Y
st bx — 4y > —6
—x—2y > —10
-2z +y>—15
2z + 10y > 15
y € P

Py = Ryand P, = Ry

Py = Ryand Pr, = Z

4 . 4
OPT = —18
3 . 3
21 2
1 1
"1 2345678 "1 2345678
Py = Z+ and Py, = Z+ 4 Py = Z+ and P;, = R+
3
2
1

=N W

"1 2345678

"1 2345678

@000900000000000000000600000000000000000o0L
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Integer BPPs - Example from Moore and Bard (1990)

mig—x—wy
st. x € Py
min y
Y
st bx — 4y > —6
—x—2y > —10
-2z +y>—15
2z + 10y > 15
y € P

Py = Ryand P, = Ry

Py = Ryand Pr, = Z

4 . 4
OPT = —18
3 . 3
21, 2
1 1
"1 2345678 "1 2345678
4 /ij\U =Zyand Py, = Z 4 Py = Zyand P;, = Ry
31, Tl 3
21, N 2
1 \\\\ \‘/ 1

123456738

"1 2345678
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Integer BPPs - Example from Moore and Bard (1990)

in —x—1
mlg x Oy

Py = Ryand P, = Ry Py = Ryand Pr, = Z
st @ € Py 4 RN opr=—18 *
mJn y 3 N 3
st bz — 4y > —6 21 2
—x—2y > —10 1 1
-2z +y>—15 T T
22+ 10y > 15 12345678 123456738
y € P
Py =Zyand Pp, = Z Py = Zyand P;, = Ry
4 4
31 7 e 3
21, e o S 2
1 T - e o o ; ~» 1

123456738 123456738
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Integer BPPs - Example from Moore and Bard (1990)

mig—x—wy
st. x € Py
min y
Y
st bx — 4y > —6
—x—2y > —10
-2z +y>—15
2z + 10y > 15
y € P

Py = Ryand Pp, = Ry

Py = Ryand Pr, = Z

4 . 4
OPT = —18
3 . 3
21, 2
1 1
"1 2345678 "1 2345678
PU:Z+andPL:Z+ PU:Z+andPL:RJr
Y OPT = —22 4
e T 3
AT N )
- = - o o o ; ~» 1

=N W

"1 2345678

"1 2345678



Integer programming tools for games

Integer BPPs - Example from Moore and Bard (1990)

mig—x—wy
st. x € Py
min y
Y
st bx — 4y > —6
—x—2y > —10
-2z +y>—15
2z + 10y > 15
y € P

Py = Ryand P, = Ry

A OPT = —18

— N W o

"1 2345678

Py =Zyand Pp, = Z
N OPT = —22

Ve QPT Tl

=N W

123456738

Py = Zyand P;, = Ry

=N W

"1 2345678

"1 2345678



Integer programming tools for games

Integer BPPs - Example from Moore and Bard (1990)

mig—x—wy
st. x € Py
min y
Y
st bx — 4y > —6
—x—2y > —10
-2z +y>—15
2z + 10y > 15
y € P

Py = Ryand P, = Ry

4 . 4 e
OPT = —18 AR
3 ) 31 7 S
21/ P P — \‘\\
1 11 7~ ———
=4

"1 2345678

Py =Zyand Pp, = Z
N OPT = —22

PR

Ve QPT Tl

=N W

123456738

Py = Zyand P;, = Ry

=N W

"1 2345678

"1 2345678
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Integer BPPs - Example from Moore and Bard (1990)

mig—x—wy
st. x € Py
min y
Y
st bx — 4y > —6
—x—2y > —10
-2z +y>—15
2z + 10y > 15
y € P

Py = Ryand P, = Ry

Py = Ryand Pr, = Z

4 < 4 <
Sl OPT = —18 Sl OPT = —22+ ¢
3 : 3t 0 e
21, 2 /’A%PT ‘~\\\
1 1 7 —e———
! ! —=—
12345678 123456738
Py =Zyand Pp, = Z Py = Zyand P;, = Ry
R OPT = —22 4
e T 3
Joarn e )
-~ - _o o o ; ~» 1

=N W

"1 2345678

"1 2345678
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Integer BPPs - Example from Moore and Bard (1990)

in —x—1
mlg x Oy

Py = Ryand P, = Ry

Py = Ryand Pr, = Z

st.@ € Py 4 OPT = —18 4 T OPT =-22+4¢
min y 3 > 3t e
’ 21/ 9 | ,&e—QPT R
st 5oz — 4y > —6 ~
R L 1 T -—__
—2z+y>-15 T ‘
2z + 10y > 15 123456738 123456738
y € P
4 \PU:Z+a”dPL:Z+ 4 NPU:Z+andPL:R+
RN OPT = —22 .
2 /’/o QP’I: . .\‘~\\\ 21, > \\\\
1 T~ ] ; ~» 1 - - _ ,
12345678 123456738
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Integer BPPs - Example from Moore and Bard (1990)

mig—x—wy
st. x € Py
min y
Y
st bx — 4y > —6
—x—2y > —10
-2z +y>—15
2z + 10y > 15
y € P

Py = Ryand P, = Ry

Py = Ryand Pr, = Z

=N W

4 . 4 .
OPT = —18 .. OPT =-—22+4¢
3 ) 3t 7
217 2 e—=0PT e
1 11 \*foﬂ
i i —=—=d
123456738 123456738
Py =Zyand Pp, = Z Py = Zyand P;, = Ry
RN OPT = —22 4 Tl
Searn e 2, .
-~ - o o e ; ~» 1 ., . »
"1 2345678 "1 2345678
Qo0 0 ©0o [¢] [¢] [¢] © 0o o ool
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Integer BPPs - Example from Moore and Bard (1990)

mig—x—wy
st. x € Py
min y
Y
st bx — 4y > —6
—x—2y > —10
-2z +y>—15
2z + 10y > 15
y € P

Py = Ryand Pp, = Ry

Py = Ryand Pr, = Z

=N W

4 . 4 <
OPT = —18 <. OPT =-22+¢
3 ) 3t 7
217 2 e—=0PT e
1 11 \*foﬂ
i i —=—=d
123456738 123456738
Py =Zyand Pp, = Z Py = Zyand P;, = Ry
RN OPT = —22 4 R OPT = —18
Soarn 2, e
I - o o e ; ~» 1 halE —- . \\OpPT
"1 2345678 "1 2345678
Qo0 0 ©0o o [¢] o © 0o o ool
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Branch-and-Bound

Minimize, , L (z,y)
subjectto (z,y) € X
x; integer forsome 1
where y solves the follower’s problem
Minimize, F' (z,y)
s.t. (x,y) €Y
y; integer for some i



Integer programming tools for games

Branch-and-Bound

Relax integrality and drop follower’s objective

Minimize, , L (z,y)
subjectto (z,y) € X
where y solves the follower’s problem
Minimize;+(z, y)
s.t. (x,y) €Y

yz-/integepforsm
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Branch-and-Bound

High-point problem
Minimize, , L (x,y)

subjectto (z,y) € X
(z,y) €Y

Itis a lower bound.
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Branch-and-Bound

High-point problem

Minimize, , L (x,y)
subjectto  (z,y) € X
(z,y) €Y

It is a lower bound.
Solve optimization problem.
If the solution is fractional in some integer variables, branch.
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Branch-and-Bound

High-point problem
Minimize, , L (x,y)

subjectto (z,y) € X
(z,y) €Y

It is a lower bound.

Solve optimization problem.

If the solution is fractional in some integer variables, branch.
Else, verify if it is bilevel feasible.
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Algorithms

Branch-and-Bound

High-point problem
Minimize, , L (x,y)

subjectto (z,y) € X
(z,y) €Y

It is a lower bound.

Solve optimization problem.

If the solution is fractional in some integer variables, branch.

Else, verify if it is bilevel feasible. If it is bilevel feasible update the incumbent.
Else branch or cut the solution.
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Literature: Branch-and-Cut

Cuts for mixed integer bilevel programming:

@ [S. DeNegre, 2011]
Interdiction and discrete bilevel linear programming, Ph.D. thesis, Lehigh University

[M. Fischetti, 1. Ljubic, M. Monaci, and M. Sinnl, 2018]
On the use of intersection cuts for bilevel optimization. Mathematical Programming

A branch-and-cut algorithm for mixed integer bilevel linear optimization problems and its implementation.

@ [S. Tahernejad, T. Ralphs, S. DeNegre, 2020]
Mathematical Programming Computation

[K. Taninmis, M. Sinnl, 2022]
A Branch-and-Cut Algorithm for Submodular Interdiction Games. INFORMS Journal on Computing

Currently, the solver MibS by Ted Ralphs is available and
Bilevel Integer Programming Solver by Markus Sinnl et al.

Boo0000000000000000000000000000000000L
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Literature: Branch-and-Cut

Intersection cuts idea:

Py =Zyand Pr, = Z

N W

Make your intersection cut!
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Literature: Branch-and-Cut

Intersection cuts idea:

Py =Zyand Pr, = Z

N W

Make your intersection cut!
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Literature: Branch-and-Cut

Intersection cuts idea:

Py =Zyand Pr, = Z

— no w =

\
'
'
'
!
/

,

Make your intersection cut!
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Literature: Branch-and-Cut

Intersection cuts idea:

Py =Zyand Pr, = Z
4 e e e . . .
3 SRPLRREI: X
21 0 e . \\:\\\
1 \\\\1\0 o o o e
- _ /
1 2 3 4 5 6 7 8

Make your intersection cut!
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Algorithms

Literature: Branch-and-Cut

Intersection cuts idea:

Py =Zyand Pr, = Z

»—\l\) w =
/
i
/
/
»
°
°
°
°
~e

Make your intersection cut!
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Literature: Branch-and-Cut

Intersection cuts idea:

Py =Zyand Pr, = Z

»—\Mwﬂk

Make your intersection cut!
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Literature: Branch-and-Cut

Intersection cuts idea:

Py =Zyand Pr, = Z

»—\Mwﬂk

Make your intersection cut!
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3. NASPs
= Definitions & Complexity
= Algorithms
= Results
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Stackelberg game

Latin leader

min : dFz+d7y
@,y

subject to Ax+By < b

y € argmin{ny:ngg—Px}
y
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Definitions & Complexity

Stackelberg game

Trivial NASP

T
min cherTer(G(g)) (ac)
z,y X Yy

subject to Ax+By < b
y € argmin{ny:ngg—Px}
Yy

x T &
mn e (r(5 ) (3)

subject to PE4+ Ty < p
X € argmin{ngX:ngngnyg}.
X

Latin leader

Greek leader

@Ooo0o00Qo0o0000000000o0o00Qoo0000o000000ell
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L Definitions & Complexity

Nash Games among Stackelberg Players
( Lead erS) [Carvalho et al., 2021a)
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NASP

Leader, Leader,

Definition (NASP)

A NASP s a linear Nash game N = (P!, ..., P*) where for eachs, P'isa
simple Stackelberg game:

P ‘m7i_£1 {fi@@27")  2* = (2%, 9") € Fi,y' € SOL(P(2"))}
ztERM™I
fiislinear
¥, is a polyhedron
SOL(P(z")) is the set of Nash equilibria for the game played by the followers
Followers have quadratic convex objectives and polyhedral feasible regions.

@0000000000000600000000000000000
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Definitions & Complexity

Theorem

It is ¥%-hard to decide if a trivial NASP instance has a pure Nash
equilibrium, even if strategy sets are bounded.
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Definitions & Complexity

Theorem

It is ¥5-hard to decide if a trivial NASP instance has a pure Nash
equilibrium, even if strategy sets are bounded.

Corollary

If each player’s strategy set in a trivial NASP is a bounded set, an
equilibrium exists.

Theorem
It is X5-hard to decide if a trivial NASP has an equilibrium.
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Algorithms

Preliminaries

Definition (LCP)

Given ¢ € R" and M € R™*", the linear complementarity
problem, searches for z € R™ such that

z>0
q+Mz2>0
2T (g+ Mz) =0 sw=qg+MzzTw=0w>0

The theory of LCPs is particularly useful for bimatrix games and
continuous games (with concave problems for each player).
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Algorithms

z>0, g+Mz2>0, zT(q+Mz):0

Player X Player Y
X 1 Y 1
mwincT a:+x-CX-y+§acTQXm mJncT y+y-Cy»x+§yTQYy
s.t. Az >0b s.t. Dy>f
x>0 y>0
KKT conditions KKT conditions
a=cX +cXy+Q%¥zs—aTy B=c" +Cc¥s+Q y- DT
v=—b+ Az n=—f+ Dy
z-a=0 yTB:O
,uTVZO )\Tn:O
z>0,p>0,0>0,v>0 y>0A>0,3>0,n>0

BOo0o0o00Qo0o0o00Qo0000000000000000y]
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Algorithms

z2>0, q+Mz>0, zT(q+Mz):0
Player X Player Y

X 1 Y 1
mwincT a:+x-CX-y+§acTQXac mJncT y+y-Cy»ac+5yTQYy

s.t. Az >0b s.t. Dy >f
x>0 y>0
KKT conditions KKT conditions
a=cX + 0%y +Q@%¥z - ATy B=c' +CYe+Q@ Yy - DT
v=—-b+ Az n=—f+ Dy
zTa=0 yI'g=0
wWTv=o0 Ap=o0
z>0,u>0,a>0v>0 y>0A>0,8>0,17>0
X
c QX —-AT ¢cX o x
—b A 0 0 0 Jz
q= Y M = z =
c CY 0 QY DT i
—-f 0 D A
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Algorithms

Preliminaries

Theorem ([Cottle et al., 2009])

Let P be a facile Nash game. Then, there exist M, q such that
every solution to the LCP defined by M, q is a pure Nash
equilibrium for P and every pure Nash equilibrium of P solves
the LCP.
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Algorithms

Preliminaries

Theorem ([Cottle et al., 2009])

Let P be a facile Nash game. Then, there exist M, q such that
every solution to the LCP defined by M, q is a pure Nash
equilibrium for P and every pure Nash equilibrium of P solves
the LCP.

: The followers play a facile Nash game. We can find a
pure equilibrium for it by solving an LCP.

y' € SOL(P(')) &0 < (a',X)) L Ma' + NN +¢ >0
KKT
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Algorithms

Preliminaries

Theorem ([Cottle et al., 2009])

Let P be a facile Nash game. Then, there exist M, q such that
every solution to the LCP defined by M, q is a pure Nash
equilibrium for P and every pure Nash equilibrium of P solves
the LCP.

: The followers play a facile Nash game. We can find a
pure equilibrium for it by solving an LCP.

y' € SOL(P(')) &0 < (a',X)) L Ma' + NN +¢ >0
KKT

We will also show that the leader’s problem can be transformed
in a facile Nash game.
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Algorithms

Preliminaries

Theorem ([Basu et al., 2021])

Let S be the feasible set of a simple Stackelberg game. Then, S is a finite union
of polyhedra. Conversely, let S be a finite union of polyhedra. Then, there
exists a simple Stackelberg game with P(z) containing exactly 1 player such
that the feasible region of the simple Stackelberg game provides an extended
formulation of S.
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Algorithms

Preliminaries

Theorem ([Basu et al., 2021])

Let S be the feasible set of a simple Stackelberg game. Then, S is a finite union
of polyhedra. Conversely, let S be a finite union of polyhedra. Then, there
exists a simple Stackelberg game with P(z) containing exactly 1 player such
that the feasible region of the simple Stackelberg game provides an extended
formulation of S.

: The followers’ game can be replaced by a union of polyhedra.

(P min {f'(z"27") 2" = (",9") € Fi,y’ € SOL(P(z"))}

ztER™i

& min {f'(z27") 2" = (2, y) € F,0 <w' = (', \) L M'w' + ¢ >0}
rtEeR™i

L sufficiently large.
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Algorithms

Preliminaries

Theorem ([Basu et al., 2021])

Let S be the feasible set of a simple Stackelberg game. Then, S is a finite union
of polyhedra. Conversely, let S be a finite union of polyhedra. Then, there
exists a simple Stackelberg game with P(z) containing exactly 1 player such
that the feasible region of the simple Stackelberg game provides an extended
formulation of S.

: The followers’ game can be replaced by a union of polyhedra.

(P min {f'(z"27") 2" = (",9") € Fi,y’ € SOL(P(z"))}

ztER™i

& min {f'(z27") 2" = (2, y) € F,0 <w' = (', \) L M'w' + ¢ >0}
rtEeR™i

& min {f{(z527") 2" = (2',y") € F,0 < w) < Lv; Vj=1,...,k,
z?eRMi

0<{Muw' +q}; <(A—v))LVj=1,....kve{01}"}

L sufficiently large.
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Algorithms

Theorem ([Balas, 1985])
Given k polyhedra S; = {x € R™ : Az < b'}fori=1,...k then
cleonv(UJr_, S:) isgiven by theset {x € R™ : 3(z*,...,z",8) € (R")* x R :
e {Alz <&, av =2, _ 6, =1,8>0,Vi € [K]}}

: Leader i mixed strategy belongs to the convex hull closure of their
feasible set.

2t

——
(PHmn{f (@27 s w' = ((z" y"), A", 2" € Fi, 0 < wj < Lv; Vi=1,..., k,
w
0< {Mw +q}; <A -v)LVji=1,..., kv € {0,1}%}

Mixed strategy: w* = 3=, njw; withw) € S; N J;and 35 n; = 1.
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Algorithms

Theorem ([Balas, 1985])

Given k polyhedra S; = {x € R™ : Az < b'}fori=1,...k then
cleonv(UJr_, S:) isgiven by theset {x € R™ : 3(z*,...,z",8) € (R")* x R :
e {Alz <&, av =2, _ 6, =1,8>0,Vi € [K]}}

: Leader i mixed strategy belongs to the convex hull closure of their
feasible set.
(Pl)mi?{fl(zl;z_l) cw' = (2%, y"),\"), 2" € F;,0 < w; < Lv; Vji=1,..., k,

0< {Mw +q}; <A -v)LVji=1,..., kv € {0,1}%}
2k,
omn{f (527" 2" € F;,w' = (2", \") € U S;’}
7,117' E—
j=1

Mixed strategy: w* = 3=, njw; withw) € S; N J;and 35 n; = 1.
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Algorithms

Theorem ([Balas, 1985])

Given k polyhedra S; = {x € R™ : Az < b'}fori=1,...k then
cleonv(UJr_, S:) isgiven by theset {x € R™ : 3(z*,...,z",8) € (R")* x R :
e {Alz <&, av =2, _ 6, =1,8>0,Vi € [K]}}

: Leader i mixed strategy belongs to the convex hull closure of their
feasible set.
(PHYmin{f*(z"527") s w" = ((z",y"),A\"), 2" € F;,0 Swj < Lv; Vj=1,..., k,
wl
0<{Muwi+q}; <A —vj)LVj=1,..., k,v € {0,1}*}
ok
emn{fihz7h) 2f € 7w’ = (@52 e | si}
w? j=1

< min {>° njfi(acj-;oc’i) ; x; € 'fi,wj- € S},an =1} sincethe objective is linear
whm 7 i

J
o ) f—f‘\ ) K
emin{f(ehe™) vt = (2%, y"), AY) € cleonv( | J (s; n :ri))}

j=1

Mixed strategy: w* = 3=, njw; withw) € S; N J;and 35 n; = 1.
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LAlgorithms

Enumeration algorithm

Step 1: enumerate all polyhedra for each leader
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LAlgorithms

Enumeration algorithm

Step 2: compute the convex-hull of each leader

@0o0000000000006000000000d
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Enumeration algorithm

Step 3: the leaders’ game is equivalent to an LCP (which can be
converted in a MIP)
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LAlgorithms

Enumeration algorithm

Step 4: the solution can be interpreted as a mixed strategy




Integer programming tools for games

Inner approximation algorithm

There can be exponentially many polyhedral
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Inner approximation algorithm

There can be exponentially many polyhedral

Ax <b 2lcl
S=<x: z=Mz+q :USJ-
0<z; L 2z>0 Viel j=1

cleonv(S) COg={z: Az <b, z=Mzx+q, z; >0, 2, >0 VieC}



Integer programming tools for games

Inner approximation algorithm

There can be exponentially many polyhedral

Ax <b 2lcl
S=<x: z=Mz+q :USJ-
0<z; L 2z>0 Viel j=1

cleonv(S) COg={z: Az <b, z=Mzx+q, z; >0, 2, >0 VieC}

clconv <U P(b) N (90> C clconv(S)

beJ
where
Pb) ={x, <0, Vie{i:b;=0}}({[Mz+qle, <0, Vie {i:b=1}}
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Inner approximation algorithm

Construct an initial inner approximation 7 of each leader i feasible
region

Solve the Nash game for the feasible strategies F*

If step 2 found an equilibrium, verify if a player has incentive to deviate:
if not, return equilibrium; otherwise go to step 4.
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Inner approximation algorithm

Construct an initial inner approximation 7 of each leader i feasible
region

Solve the Nash game for the feasible strategies F*

If step 2 found an equilibrium, verify if a player has incentive to deviate:
if not, return equilibrium; otherwise go to step 4. N
Otherwise, for each player 4, add a new set of polyhedra to 7* and go to
step 2.

Add the polyhedra corresponding to a player deviation. Go to step 2.
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Results

Instances with 3 to 5 leaders, and 3 followers.

Time (s) Wins
Algorithm ES &k NO All EQ NO Solved
FE - 0.12 6 82 140/149
Seq 1 0.35 3 0 145/149
Seq 3 0.18 5 0 145/149
Seq 5 0.15 3 0 145/149
. RSeq 1 0.36 26 0 149/149
MNE InnerApp RSeq 3 0.18 4 0 145/149
RSeq 5 0.15 5 0 143/149
Rand 1 0.36 8 0 147/149
Rand 3 29.49 0.18 5 0 143/149
Rand 5 21.59 0.15 2 0 145/149
PNE FE-P - - 6.46 0.12 - - 122/149
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_ LResws
Results

Instances with 7 leaders, and up to 3 followers.

Time (s) Wins
Algorithm ES &k EQ NO All EQ NO Solved
FE - - 260.29 1.12 1174.32 0 2 20/50
Seq 1 39.26  9.64 672.24 1 0 32/50
Seq 3 62.66 3.88 616.25 1 0 34/50
Seq 5 24.03  2.83  733.97 1 0 30/50
MNE Rev.Seq 1 171.47  9.66  262.74 27 0 47/50
InnerApp Rev.Seq 3 13.85 3.86 585.27 4 0 34/50
Rev.Seq 5 78.57 2.83  798.90 6 0 29/50
Random 1 34.65 9.65 497.06 0 0 37/50
Random 3 123.02  3.87 588.03 2 0 36/50
Random 5 39.18 286 T711.77 4 0 41/50
PNE FE-P - - 7.36  1.12 1441.95 - - 10/50

@oo0o0000o0o0000o00000d)



Integer programming tools for games

e
Contents

4. Cut-and-play
= Definitions
= Algorithms
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Reciprocally-Bilinear Games (canatnoetal, 202161

A Reciprocally-Bilinear Game (RBG) is a game among a finite set
of players N such that the utility and the strategy set of player
i € N is as follows:

max (c)Tz’ + (z=H)T O
xi
st xt € X°

The game is polyhedrally-representable if clconv(X?) is a
polyhedron.

We saw NASPs which are polyhedrally-representable RBGs.



Integer programming tools for games

Algorithms

maX (Ci)Txi + (x—z)TCﬂxl

st zte X'

Theorem

Given an RBG G and a copy of it G
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Algorithms

maX (ci)Txi + ([IJ_Z)TC’ZiEl

st zte X'

Theorem

Given an RBG G and a copy of it G
where the feasible region of player i is
clconv(X*) (instead of X*) then

For any pure equilibrium & of G,
there is an equilibrium o of G.

If G has no pure equilibrium, then
G has no equilibrium.



Integer programming tools for games

LAlgorithms

If A*and b describe clconv(X'*)
ma_X (Ci)Txi + (x_Z)TCZ./EZ
toat e Xt ,
showe Computing equilibria of RBG G =
Computing pure equilibria of RBG G
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Algorithms

2t

st ' e X

If A* and zf DO NOT describe
cleonv(X")

Idea: Iteratively improve outer
approximations of clconv(X").

Either we find an equilibrium for G or
we refine the approximation in G
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Algorithms

st z' e XL

Given the polyhedrally-representable
RBG G, we construct polyhedral
approximate game G where each
solves instead:

max (ci)Txi + (mfz)TCZmz

st xt S Xt

/{” = {z": fllxz < l;i,}’i >0}
X* C cleonv(X*) C X*°
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Algorithms

Outer approximation:
max (Ci)T.’L'i—i- (mfz)Tszz
xl

st. xt e X

Xt ={z": Alz? < l;i,fci > 0}
X C cleonv(X?) C X!

We use LCPs to find a pure equilibrium for G.
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Given an RBG G, we determine a “convexified” outer
approximation RBG G

Compute a pure equilibrium & for G (LCP). If no
equilibrium, go to last step.

Enhanced Separation Oracle:

Case 1: Vi € N, 5" € cleonv(X?). Return o
Case 2: 3i € N,¢" ¢ clconv(X"). Provide a cut, i.e., improve
the outer approximation X such that

¢ X'n{rz < m}.



Integer programming tools for games

Algorithms

Given an RBG G, we determine a “convexified” outer
approximation RBG G

Compute a pure equilibrium & for G (LCP). If no
equilibrium, go to last step.

Enhanced Separation Oracle:

Case 1: Vi € N, 5" € cleonv(X?). Return o
Case 2: 3i € N,¢" ¢ clconv(X"). Provide a cut, i.e., improve
the outer approximation X such that

¢ X'n{rz < m}.

If no & in step 2, branch or cut.
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LAlgorithms

Cut-and-Play

d tolerance

l \GS
Outer approximation X, for
any player 1 Found ME

ind PNE & in G via LCP

Branch-or-Cut candidate?

Code: https://docs.getzero.one/
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Summary:
Mathematical programming games encompass flexible
problem modeling.
Although the theoretical intractability of NASPs, in
practice, we can efficiently compute equilibria.
Tools to compute Nash equilibria allow us to understand
the benefits and issues of the games.
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Future directions

Future work & recent literature:
Integer programming games [Carvalho et al., 2022].

Enumeration/Selection of
equilibria [Sagratella, 2016, Cronert and Minner, 2021,
Dragotto and Scatamacchia, 2021].

Generalized Nash equilibria [Harks and Schwarz, 2021].

Alternative reformulations [Harks and Schwarz, 2021,
Guo et al,, 2021].

New solution concepts.
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